We consider the sectional curvatures for metric (J 4 = 1)-manifolds, and study particularly the general expression of the metric and almostproduct structure in normal coordinates for para-Kaehlerian manifolds of constant para-holomorphic sectional curvature. We also introduce models of such spaces. 85 86 P. M. GADEA AND A. MONTESINOS AMILIBIA Riemannian {J 4 = \)-manifold: a {J 4 = l)-manifold (M n ,J) with an arm, i.e., a Riemannian metric g such that g(JX,JY) = g(X, Y).
Introduction.
A metric (J 4 = \)-manifold (cfr. [3] , [11] ) is a pseudo-Riemannian manifold (M n ,g) together with a (1, 1) tensor field / such that J 4 = 1 and whose characteristic polynomial is (x -iY ι {x + lY 2 (x 2 + l) s with r x + r 2 + 2s = n\ also, the tensor fields g and / are related by one of the following relations:
(i) g(JX, Y)+g(X, JY) = 0 (then g is necessarily pseudo-Riemannian and r\ = r 2 )\ (ii) g is Riemannian and g(JX f JY) = g(X, Y).
In the first case it is said that g is an aem (adapted in the electromagnetic sense metric), because this situation generalizes in a sense that of Mishra [8] and Hlavaty [4] ; in the second one, g is called arm (adapted Riemannian metric).
In this note we consider, g being an aem, the /-Kaehler manifolds, that is (J 4 = l)-manifolds such that VJ = 0, where V is the Levi-Civita connection of g, and study the /-sectional curvature which generalizes the usual holomorphic-type sectional curvatures. We define the spaces of constant /-sectional curvature, and prove a lemma of Schur type. Also, we obtain explicitly the models corresponding to the situation of an aem g and J 2 = 1.
2. Terminology. We shall use the following terminology: (J 4 = \)-manifold: the pair (M n ,J), where / is a (1, 1) tensor field such that J 4 = 1 and whose characteristic polynomial is {x -\Y ι (x + l) r2 (x 2 + I) 3 with r x +r 2 + 2s = n. e-metric {J 4 = \)-manifold: a (J 4 = l)-manifold (M n ,J) together with an aem, that is a pseudo-Riemannian metric g such that g(JX, Y) + g(X,JY) = 0. are, respectively, the projectors upon the almost-product and the almost-complex subbundles of TM defined by /. In that case we put Ή(X) = K{X, JX), H{X) = K{X, JX), and say that H(X) is the J-sectional curvature determined by X.
If VJ = 0 we say that (M, g, J) is an e-(J 4 = \)-Kaehler manifold. The characterization of these manifolds is given through the following results, where we put
3.1. LEMMA. Let (M, g,J) be an e-metric (J 4 = 1)-manifold. Then:
and our claim is obtained directly by application of these formulae. D
COROLLARY.
In an e-metric (J 4 = l)-manifold (M,J,g), the condition V/ = 0 is equivalent to the simultaneous verification of the following conditions:
(a) N = 0; (b) dF = 0.
Proof. If N = 0 and dF = 0, it is obvious by 3.1 that VJ = 0. If VJ = 0, then dF = 0, because V# = 0; also, N = 0 as it is easily checked from the expression of N, having in mind that V is torsionless. D (M, g, J) is an almost para-Hermitian manifold and V/ = 0, we then have a hyperbolic Kaehler manifold (Rasevski [10] ), also called para-Kaehler manifold (Libermann [7] ). See also Prvanovic [9] and references therein. We adopt Libermann's terminology. The preceding result implies that an e-(J 4 = 1)-Kaehler manifold is locally the product of a para-Kaehler manifold and a Kaehler manifold. Proof By applying the operator R{X, Y), we have Proof We consider the following (0,4) tensor field Q which generalizes that of the Kaehler case (see [5] ):
If
Q(X, Y, Z, W) = R(X, JY f Z, JW)+R(X, JZ, Y, JW)+R(X, JW, Y, JZ). From 3.3 and the usual symmetries of R we obtain that Q is totally symmetric. But Q(X,X,X,X) = 3H(X); whence Q = 0. Now, since VJ = 0, it is immediate to prove that R(X, Y, X, Y) = R(IX, IY 9 IX, IY) + R(1 3 X, 1 3 Y, 1 3 X, 1 3 Y).
Since J 2 l = /, / 2 / 3 = -/ 3 , the same technique of the Kaehler case (see [5] ) leads to R(IX, IY, IX, IY) = 0, Thus, R(X, Y, X, Y) = 0, whence R = 0. for all X e TM, then R = R.
We now define the (0,4) tensor field R' on M by
R'(X, Y, Z, W) = \{g{X, lZ)g{Y, IW) -g(X, lW)g{Y, IZ) -g(X, JlZ)g(Y, JIW) + g(X, JlW)g{Y, JIZ) -2g{X, JlY)g(Z, JIW) + g(X, l 3 Z)g(Y, hW)
whose properties are given in the following
PROPOSITION. The field R' has the usual symmetries of the Riemann-Christoffel tensor and also the symmetry of Proposition 3.3. The following relations hold: R'{X,Y,X,Y) = \{g(X, lX)g(Y, IY) -g(X, IY) 1 -3g(X, JIY) 1 + g(X,l 3 X)g(Y 1 3 Y) -g(X, 1 3 Y) 2 + 3g(X, J1 3 Y) 2 }; R'{X, JX, X, JX) = g(X, 1 3 X) 2 -g(X, IX) 2 .
Proof. Immediate.
From this, we deduce the
PROPOSITION. Let (M,J, g) be an e-(J 4 = \)-Kaehler manifold such that for each x e M, there exists c x e R satisfying H(X) = c x for every X e T X M such that g(X, X)g{JX, JX) φ 0. Then R = cR', where c is the function defined by x -• c x . And conversely.
Proof. Since g(X, X)g{JX, JX) = g{X, l 3 X) 2 -g(X, IX) 2 , we deduce from 3.6 that Ή{X) = cR'(X, JX, X, JX).
Hence (R -cR')(X, JX, X, JX) = 0 for all X such that g(X,X)g(JX,JX)φO. Now, if X verifies g(X, X)g(JX, JX) = 0, then we can choose a sequence {X m } such that X m -• X and g(X m ,X m )g(JX m ,JX m )φ0.
In fact, g(X, X)g(JX.JX) is a polynomial in the components of X whose set of zeros does not contain any open subset. Since (R -cR')(X m , JX m , X m , JX m ) = 0 for each index m, we have by continuity that (R-cR')(X, JX, X, JX) = 0. Then, by 3.5 we have R = cR'. The converse is obvious. D
If the e-(J 4 = 1)-Kaehler manifold (Λf, /, g) satisfies the conditions of the above proposition, we say that it is of constant J-sectional curvature c. We have the following result of Schur type. Proof We first choose an orthogonal basis of 1,...,r or i,j= l,...,s) . If S is the Ricci tensor field, we have
From this, and applying 3.7, we obtain after a calculation
Since R = cR' and VR' = 0, we have V X R = X{c)R r . Now, if {*>;} is any orthonormal basis of T X M in the sense that g{ei,ej) = α/ίy with α, G {-1,1}, we have by direct application of the second Bianchi identity
because of (1). Therefore, from (2):
(r 2 + s 2 + r + s -1 )X{c 2 ) -rlX{c 2 ) -j/ 3 ΛΓ(c 2 ) = 0.
HX = IX, then
If X = 1 3 X 9 then Then, if r, s > 0, or if s = 0, r > 1, or if s > 1, r = 0, we obtain X(c 2 ) = /X(c 2 ) + / 3 X(c 2 ) = 0.
Thus c 2 , and therefore c, are constants. D
In the conditions of the preceding Theorem, the scalar curvature is given by the function p = c{r(r + l)+s(s+ 1)}.
Thus, if r = s = 1, we have p = 4c.
3.9. THEOREM. Let (M,J, g) be an e-(J 4 = \)-Kaehler manifold of constant J-sectional curvature c. Then:
(ii) Let us denote by K L the restriction ofK to the planes oflTM. Then:
Proof (i) The restriction of g to /β TM is Riemannian. Then if we choose {X, Y} orthonormal, we have:
where α is the angle between the plane {X, Y} and the plane {JX, JY}, and the claim is obvious;
(ii) If r = 1 we can choose a basis {XJX} of IT X M thus K(X, JX) = H(X) = c. Now assume that c ψ 0, r > 1. Let (t/i, V x ) e l\T x M, (U 2 , Vi) e l 2 T x Mbc such that g(U { , U 2 ) = ^(^, F 2 ) = 1, g(U Ϊ9 V 2 ) = (^2^1) = 0. Here, /1 and / 2 are the projectors on IT X M given by the eigenvalues +1 and -1 of J\IT X M. We take first Then g(X y X) = -1, g(Y f Y) = 1, g(X,JY) = -(1+A), g(JΓ, Γ) = 0. Hence #(Z Y) = (c/4)(l + 3(1 + A) 2 ). Now, we take g(Y,Y) = l, g(X, Y) = 0, g(X,JY) = λ-l. Hence K{X, Y) = (c/4)(l -3(λ -I) 2 ), and this proves our claim. It is clear that in the case of almost Hermitian manifolds this definition is the usual one for holomorphically isometric manifolds. Also we can generalize Theorem 7.9 of [5] , Vol. II to obtain 3.11. PROPOSITION. TWO complete, connected and simply connected e-(J 4 = \yKaehler manifolds of constant and equal J sectional curvature c are J-isometric (we assume that c is a constant function).
Proof It is enough to apply Proposition 2.5 which furnishes the expression of R in terms of / and g in the case of spaces of constant /-sectional curvature. D 4. The models of constant /-sectional curvature. Let (Af, /, g) be an e-(J 4 = 1)-Kaehler manifold; then it is locally the product of a para-Kaehler manifold and a Kaehler manifold. Since the latter, in the case of constant holomorphic sectional curvature, is well known (see [5] ), we are interested in the para-Kaehler case.
Thus, let (Af, /, g) be a para-Kaehler space of constant /-sectional curvature c, and assume r > 1. Then c is a constant function. We have J 2 = 1 and g(X, JY) + g(JX, Y) = 0.
Let Xo e M, and {^, e, + Γ } be an orthonormal basis of T Xo M, i.e.: where (E + r iΐl<E<r,
(E + r { E-r Prvanovic [9] obtains this expression in a different way. Now, we apply the structural equations in polar coordinates in order to obtain g and / in these coordinates (see [1] , [12] ).
For doing that, let / be an interval of R containing 0 and 1, U a neighbourhood of 0 in T Xo M and V a neighbourhood of XQ in M such that exp: U -> V is a diffeomorphism and such that the map Φ: / x U -> M given by Φ{t,X) = cxp(tX) is well defined. 
i+r ϋ j -t j ϋ i+r )
To simplify this, we introduce on / x U new coordinates {a',b'} and new 1-forms μ\ u' by:
By putting (a, b) = a J b j , etc., this can be written
If we put p 2 = -\c{a, b), these equations read 2 Î f we multiply (3) by b and (4) by a, we obtain (5)
By adding and subtracting (5) and (6), we get (7) ^(Φ,μ) + {a,u)) = θ, = (D/p(a, b) )(sin2pt)a. Then we get the condition D = \((b,da)-(a,db) ). da}-(a,db) . ,. . \\-sm(2ρt)a.  4p(a,b)  And the initial conditions imply  {a,b)da-{b,da)a .  (φ.da) -{a,db) ,da) + (a,db)  2(a,b) Ot Now, we define 1-forms a\ β ι (i = 1,..., r) on U by α<=//'(l), ^ = ^(1), and also define a metric on t/, £, bŷ = -α l '®jff l '-jί I '®α l ", and a tensor field / on U by
Thus the solution is
μ= vh) {{b ' da)+{a> db))ta+ (O> sHpt) (b,
+ "-A i
where {w, , Vi) is the dual of {a 1 , β 1 }. Then, the map exp: U -> V is a /-isometry as it is easily checked. Thus, we compute g and /. First we have . sin/? , . sin 2/? -4sinp + 2p, k . , k 2p-ύn2p k . "* a 1 = --da 1 
Therefore, by substitution
Note that even in the case of p 2 < 0, the above result is a real tensor field, and it is C°° also in the points where p = 0.
As for the dual base, we have The expression of g and j give the space form in normal coordinates for the para-Kaehler manifolds of constant /-sectional curvature and r > 1. If r = 1, we have automatically N = 0, dF = 0, V/ = 0, (cfr.
3.1) and the space is of constant /-sectional curvature c, but c may not be a constant. However if c were a constant, the above formulae for normal coordinates are also valid. Thus, we will say in the following that an almost para-Hermitian manifold with r = 1 is a para-Kaehler manifold of constant J-sectional curvature if the above function c is constant. Now, let B be the vector space R 2 with the product {a, b)(a', b') = (aa f , bb f ); then B is a commutative algebra. If we define the conjugate w of an element w = (a, b) G B by w = (b, a) , then an element w eB is real if w =ΉJ, and is invertible if wW φ 0. We put B+ -{(a, b) G B\a > 0, b > 0}; then JS + is a Lie group. Let We denote by gί{B;r + 1) the algebra of (r + 1) x (r + l)-matrices with elements in B. Then gί(5;r + 1) = gl(R;r + 1) xgl(R;r+ 1). We have the Lie group + l)|(Zz,Zz) = (z,z) for all z G B r+X }.
Let P r (B) be the quotient of 5Q +1 under the equivalence given by (z a ) = (qz a ), q G B+. Then, if π: B^1 -+ P r (5) is the natural projection, we can identify π(z) with the unique element w -qz such that {w,W) -1, (w,w) = (W,W) 9 where q = (a,b) G B+. Indeed, if z = (z a ) = ((u a , v a )), we have (w,w) = (ab(u,v),ab(u,v) a {u, u) ).
Thus
Since Z(gz) = qZ{z) for all Z e C/(5;r + 1), z € ^+ 1 , ήr e 5 + , it is clear that the action of U(B;r + 1) pass to the quotient P r {B). 4.1. PROPOSITION. P r (B) is diffeomorphic to TS r ; therefore it is connected and ifr>\ it is simply connected. The group U(B\r + 1) acts transitively on P r {B).
Proof We consider the map φ: P r (B) -• TS r given by φ(u,v) = (\\u + vll"" 1 (M + v),uv). Since (u,u) = {n,υ), we have that (\\u + v\\~{(u + v) , u -v) = 0, then u -v can be considered as a vector tangent to S r at the point \\u + v\\~x{u + v). It is immediate to prove that φ is a diffeomorphism. Now, let (u,v) E P r (B); if {e a } is the canonical basis of R r+1 and {ϋ a } its dual, let γ i (i = 1,..., r) be a linearly independent set of 1-forms such that γ i (u) = 0. If γ i = γ ι a ϋ a , and υ = v a e a , we define P e Gl(r + l R) by putting ϋ° ( Therefore (P, <p-ι )(u,υ) = (e o ,e o ) and since (P, 'P" 1 ) € t/(5;r+ 1), it is clear that U(B;r + 1) acts transitively on P r (B). D
We consider on 5Q +1 the co variant tensor field g = , 2 v { β?w α ® Jϊ; α + rfv a ® du a c(u,v) { Then g is invariant by U(B; r +1) as it is easily proved. If /: P r (B) -• 5Q +1 is the inclusion, we have by direct computation that (i-π)*g = g. Hence, the tensor field g = i*g, which is a pseudo-Riemannian metric on P r (B), is also invariant by U(B\r + 1). We have for P r (B) the charts (φ a , U^), where α > 0, V a > 0}, 
